HODGE STRUCTURES ASSOCIATED TO SU{p,l) 

CN ' SALMAN ABDULALI 

o 

^N) ■ Abstract. Let A be a general member of a pel family of abelian vari- 

; I ' eties such that the semisimple part of the Hodge group of A is a product 

C^ , of copies of SU{p, 1) for some p > 1. We show that any effective Tate 

twist of a Hodge structure occurring in the cohomology of a power of A 
is isomorphic to a Hodge structure in the cohomology of some abelian 
0^ . variety. 



"<C ! 1- Introduction 



> 



We say that a (rational) Hodge structure of weight n, 

p+q=n 



is effective if V^''^ = unless p, q > 0, and we say that it is motivic (or 
geometric) if it is isomorphic to a Hodge substructure of H"{X, Q) for some 
smooth, projective variety X over C. For m G Z, the Tate twist V{m) is 
^D . the Hodge structure of weight n — 2m given by V{mY''^ = yp+^'<i+^ _ 

'^ ' The general Hodge conjecture as formulated by Grothendieck [11] implies 

cn . that any effective Tate twist of a motivic Hodge structure is again motivic. 

^~j \ In a series of papers [JHH] we have shown for a large class of abelian varieties 

that every effective Tate twist of a Hodge structure contained in the coho- 
mology of one of these abelian varieties is isomorphic to a Hodge structure 
occurring in the cohomology of some abelian variety. We have used this 
r> ■ to prove the general Hodge conjecture in some cases. We have also shown 

C^ \ the existence of a Hodge structure M which occurs in the cohomology of 

an abelian variety, such that M{\) is effective but does not occur in the 
cohomology of any abelian variety [5l Theorem 5.5, p. 926]. 

Our earlier results apply to abelian varieties of type IV in only a few 
cases — namely, when the Hodge group is semisimple [2j , or when the abelian 
variety is of CM-type [7|, or, when the semisimple part of the Hodge group 
is a product of groups of the form SU{p + l,p) [H]. In this paper we extend 
these results to any power of a general member A of a PEL-family of abelian 
varieties of type IV, such that the semisimple part of the Hodge group of A 
is a product of copies of SU{p, 1) for some p > 1; see Theorem 1111 for the 
precise statement. 
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2 SALMAN ABDULALI 

We draw attention to two new features of this paper. First, the con- 
cept of semidomination (Definition H]) generahzes the concept of weak self- 
domination introduced in [8], and allows us to work with the seniisimple 
part of the Hodge group of an abelian variety whose Hodge group is neither 
semisimple nor commutative (see Theorem [8]) . Second, families of abelian 
varieties which are not of PEL-type play a critical role, even though our main 
concern is a general member of a PEL-family. 

Notations and conventions. All representations are finite-dimensional and 
algebraic. The derived group of a group G is denoted by G' . All abelian 
varieties are over C. For an abelian variety A, we let 

D{A) :=End(A)(g)Q 

be its endomorphism algebra, L{A) its Lefschetz group, G{A) its Hodge 
group, L'[A) the derived group of L{A)., and, G'[A) the derived group of 
G{A). For a finite field extension E oi a, field -F, we let Res^j/^? be the 
restriction of scalars functor, from varieties over E to varieties over F. The 
center of a group G is denoted by Z{G). For a topological group G, we 
denote by G° the connected component of the identity. 

2. Preliminaries 

2.1. Kuga fiber varieties. We briefly recall Kuga's construction of families 
of abelian varieties ^2j; full details may be found in Satake's book |20] . 

Let G be a connected, semisimple, linear algebraic group over Q with 
identity 1. Assume that G is of hermitian type, and has no nontrivial, con- 
nected, normal Q-subgroup H with H{M) compact. Then X := G{M.)^ /K is 
a bounded symmetric domain for a maximal compact subgroup K of G(M)'^. 
Let := LieG be the Lie algebra of G, i := LieK, and let 0k = ^ © p be 
the corresponding Cartan decomposition. Differentiating the natural map 
v: G(M)'' — >■ X induces an isomorphism of p with To{X), the tangent space 
of X at o = z^(l), and there exists a unique Hq G Z{t), called the H-element 
at o, such that adf^olp is the complex structure on To{X). 

Let /? be a nondegenerate alternating form on a finite-dimensional rational 
vector space V. The symplectic group Sp{V, (3) is a Q-algebraic group of 
hermitian type; the associated symmetric domain is the Siegel space 

G{y, /3) := { J G GL(Mr) \J^ = -I and 

/3(x, Jy) is symmetric, positive definite}. 

Sp{V.,j3) acts on (3(y, /3) by conjugation. The //-element at J G S(F, /?) 
is J/2. 

Let p: G ^ Sp{V,/3) be a representation defined over Q. We say that p 
satisfies the Hi-condition relative to the i/^-elements Hq and Hq = J/2 if 

(2.1) [dp{Ho) - Hi dp{g)] = for ah g G 0r. 
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The stronger condition 

(2.2) dp{Ho) = H'o 

is called the H2- condition. If either of these is satisfied, then there exists a 
unique holomorphic map r: X ^ GiV, j3) such that t{o) = J, and the pair 
(p, r) is equivariant in the sense that 

T{g . x) = p{g) ■ t{x) for ah g G G(M)°, x G X. 

Let r be a torsion- free arithmetic subgroup of G(Q), and L a lattice in V 
such that /o(r)L = L. The natural map 

A := (r Kp L)\{X X Fm) ^ V := T\X 

is a morphism of smooth quasiprojective algebraic varieties (Borel [3 Theo- 
rem 3.10, p. 559] and Deligne [101 P- 74]), so that ^l is a fiber variety over V 
called a Kuga fiber variety. The fiber Ap over any point P G V is an abelian 
variety isomorphic to the torus Vm,/L with the complex structure r(x), where 
X is a point in X lying over P. 

2.2. Two algebraic groups. We recall two algebraic groups associated to 
an abelian variety A over C. Let V = Hi{A, Q), and let f3 be an alternating 
Riemann form for A. The Hodge group G{A), and Lefschetz group L{A) are 
reductive Q-subgroups of GL{V). The Hodge group (or special Mumford- 
Tate group) is characterized by the property that for any positive integer k, 
the invariants of the action of G{A) on H'{A ,^) form the ring 'K{A ) of 
Hodge classes (Mumford [H]). The Lefschetz group is defined to be the 
centralizer of End(A) in Sp{y,(3); it is characterized by the property that 
for any positive integer k, the subring of 'K{A ) generated by the classes of 
divisors equals H'{A^ ,C)^^^^''^H*{A^ , Q) (Milne [H Theorem 3.2, p. 656] 
and Murty [H §3.6.2, p. 93]). Clearly, 

G{A) CL{A) cSp{V,l3). 

The inclusion G'{A) "^^ Sp{V,f5) satisfies the //i-condition ()2.ip with 
respect to suitable iJ-elements. Taking L = Hi{A,1j), and T to be any 
torsion-free arithmetic subgroup of G'{A) such that 7(x) G L for all 7 G L, 
X G L, we obtain a Kuga fiber variety having ^ as a fiber; this is called the 
Hodge family determined by A (see Mumford [14J). 

The inclusion L'{A)^ ^-)- Sp{V,(3) satisfies the i?i-condition, and hence 
may be used to define a Kuga fiber variety having ^ as a fiber. These families 
of abelian varieties are generalizations of the PEL-families constructed by 
Shimura in 1211. 



Definition 1. An abelian variety A is of PEL-type if G'{A) = L'{A)'^. 
Lemma 2. Let A be an abelian variety of PEL-type. Suppose 



A = Al'xA'^''x--- xA1\ 
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where Ai, . . . , At are pairwise nonisogenous simple ahelian varieties. Then, 
each Ai is of PEL-type, and, 

G'{A) = G'{Ai) X ••• xG'iAt). 

Reference to proof. See the first part of the proof of [2, Theorem 5.1, p. 348]. 

D 

Proposition 3. For any ahelian variety A, the center of G{A) is contained 
in the center of L{A). 

Proof. Let V = Hi{A,Q), let /? be an alternating Riemann form for A, 
and, let Z be the center of G{A). Since D{A) is the centrahzer of G{A) 
in End(y), it follows that Z C D{A). Since L(A) is (by definition) the 
centrahzer of D{A) in Sp(y,f3), we see that Z is in the center of L(A). D 

3. Semidomination 

We say that a Hodge structure Vc = ©„_!_„=„ V^'"^ of weight n is fully 
twisted if it is effective, and, V^'^ / 0. We say that a smooth, projective 
algebraic variety A over C is dominated by a set X of smooth, projective 
algebraic varieties over C if, for any irreducible Hodge structure V in the 
cohomology of A, there exists a fully twisted Hodge structure V in the 
cohomology of some X € X such that V' is isomorphic to a Tate twist of V. 

Definition 4. We say that an abelian variety A is semidominated by a 
set X of abelian varieties if, given any nontrivial irreducible representation p 
of (jr'(A)c such that p occurs in H'^{A, C) for some n, there exist ^p € X, a 
positive integer Cp, and, Vp C H'^p(Ap,C), such that 

• Vpis a G(^p)c-submodule of H^piApX), 

• the action of G'{A x Ap)c on Vp is equivalent to p opi, where 

G'{A) X G'{Ap) D G'{A X Ap) ^ G'{A) 

is the projection to the first factor, 

• for each a € Aut(C), the conjugate [VpY contains a nonzero (cp,0)- 
form. 

Definition 5. We say that an abelian variety A is stably semidominated by 
a set X of abelian varieties if every power of A is semidominated by X. 

Remark 6. We will see in Theorem [8] below that if A is semidominated by X, 
then, A is dominated by abelian varieties. However, an abelian variety may 
be dominated by abelian varieties without being semidominated by any set 
of abelian varieties. For example, let ^ be a simple 4-dimensional abelian 
variety of type HI. If A is of PEL-type, then, A is dominated by the set 
of powers of itself (see [51 Theorem 4.1 and Corollary 4.3]), but, it is not 
semidominated by any set of abelian varieties. 
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Lemma 7. If A is semidominated by X and B is semidominated by y, and 
ifG'{A X B) = G'{A) X G'{B), then, A x B is semidominated by 

x.y = {xxY\xex, y G V}. 

Proof. Any irreducible representation of G'{A x B)c is of the form p ® t, 
where p is an irreducible representation of G'{A)£ and r is an irreducible 
representation of G'{B)c. Let 



Vp^T 



Vp(g)V^ if both p and r are nontrivial; 
Vp if yO is nontrivial but r is trivial; 

Vr if r is nontrivial but p is trivial. 

D 

Theorem 8. Let A be an abelian variety semidominated by X. Then, A is 
dominated by the set of abelian varieties of the form B x G, where B & X, 
and G is of CM-type. 

Proof. Let V be any irreducible Hodge structure in the cohomology of A. If 
G'{A) acts trivially on V, then, V is of CM-type, so by jX Theorem 3, p. 159] 
there exists an abelian variety G of CM-type, and a fully twisted Hodge 
structure V in the cohomology of G, such that V is isomorphic to a Tate 
twist of V. Otherwise, let Vq be any irreducible G{A)c submodule of Vc; it is 
necessarily irreducible as a G'(A)c-module. Since A is semidominated by X, 
there exists B G X, and an irreducible G(i?)c-submodule Vp of H'^p{B,C) 
satisfying the conditions of Definition [H 

Let T be the torus G{A x B)/G'{A x B). Since every representation 
of G{A X B) occurs in the tensor algebra of H^{A x B,Q) [101 Proposi- 
tion 3.1(a), p. 40], there exists a Hodge structure W in the cohomology of 
some power of ^ x ii? such that the action of G{A xB)onW is equivalent to 
the representation G{A x B) ^T. Then G{W) = T, so, W is of CM-type. 

Vq is equivalent to Vp as a G' {A)c-inodule. Therefore Vq is equivalent to 
V^ (8" X as a G(A)c-module, where x is a character of T^. The character x 
occurs in the tensor algebra of W. Let W^ be its representation space, and 
let Z be an irreducible Hodge structure in the tensor algebra of W such that 
Zc contains W^. 

By the main theorem of [7j , there exists an abelian variety G of CM-type 
and an irreducible Hodge structure Z' C H'^{G, Q) such that Z' is isomorphic 
to a Tate twist Z{w) of Z, and, Z' is fully twisted. Let (p: Z{w) — )• Z' be an 
isomorphism of Hodge structures, and let Z'^ = ipiW^). Then there exists 
a E Aut(C) such that {Z'^'^ contains a nonzero (c, 0)-form. Let 

U' = Vp®Z'^C H^'+^iB X G, C). 

Let V' be the smallest Hodge substructure of H'^p'^'^{B x G, Q) such that 
V^ contains U' . Then, V' is fully twisted because U'"^ contains a nonzero 
{cp + c, 0)-form. Recall that V is an irreducible G{A)-module, and note that 
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V' is a primary G{B x C)-module. Let G = G{A x B x C). We have a 
Gc-isomorphism between Vq and U' , so hom.G(^{Vc,VQ is nontrivial. Since 
G(Q) is Zariski-dense in G(C) (Rosenlicht [l7l Corollary, p. 44]), we have 

homc;(C)(Vc, Vc) = homG'(Q)(Vc, ^c) = homcCV", V') C. 

Therefore houiQiy, V) is nontrivial, and V is isomorphic to a Tate twist of 
an irreducible Hodge structure V contained in T/'. D 

4. Abelian varieties associated to SU{p, 1) 

Let A be a simple abelian variety. We denote by a i— > a' the Rosati 
involution induced on the division algebra D = D{A) by an alternating 
Riemann form /3 for A. We assume that A is of type IV, i.e., the center K 
of I? is a CM-field, and, we denote by F the maximal totally real subfield 
of K. We consider V = Hi{A, Q) as a left D-module. There exists a unique 
F-bilinear form T: V x V —i' D such that 

(3{x,y) = Tic^/QT{x,y), 

T{ax,by) = aT{x,y)b', 

T{y,x) = -T{x,y)', 

for all X, y S y, and all a, b (^ D (Shimura |22l Lemma 1.2, p. 162]). 

The unitary group U{V,T) = AutD{V,T) is then a reductive algebraic 
group over F, and, the Lefschetz group of A is given by 

L{A) = Resp/QU{V,T). 

Let S be the set of embeddings of F into M, and m = dim/^ V. Then we 
can write L{A)^ = UaeS ^a and V^ = 0„g5 V^ where L„ = U{pa,qa) 
acts trivially on V^/ unless a = a', and, La^c — GLm(C) acts on Va^c as 
the direct sum of the standard representation and its contragredient (Murty 

m)- 

Let L' = L'{A) be the derived group of L{A). Then, L'(R) = UaeS ^'a^ 
where L^ = SU{pa, Qa)- 

Theorem 9 (Satake [181119)). With the above notations, assume that for 
each a G S, we have qa = i- Then, for each k = 1, . . . , m — 1, there exists 
a homomorphism of Q-algebraic groups 

(4.1) pk:L'^Sp{Vk,f3k), 

where /3fc is a nondegenerate alternating form on a finite- dimensional Q- 
vector space Vk, Pk satisfies the Hi-condition (12. ID . and, pk is equivalent 
over M to the direct sum of ^^eS A °-fa ^^d its contragredient, where 
Pa- L'{R) — )• L'^ is the projection. 

Remark 10. We make the following remarks about Theorem [9] and its proof. 
Let Ak — 7- V be a Kuga fiber variety defined by the symplectic representation 

mi- 
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(1) yii — 7> V is a PEL-family determined by A. 

(2) Since the contragredient of /\ is f\^~ , we see that pk and Pm~k 
are equivalent. 

(3) Since L'(M) has no compact factors, it fohows from yL| Remark 3.5, 
p. 213] that each A^ ^- V is a Hodge family. 

(4) yOfc factors as 

where Li = Res^/Q Li for a semisimple algebraic group Li over 
F. We have Li(M) = HaGS-^i"' "^^^^^ ^i « - SU{p',q'). Here, 

(5) Pk,R- L'{M.) — )• Li(M) can be described as follows: for g = {go) G 
^'W = nags^a'Wehave 

PK9.{a) = PkAda) e Li(M) = JJ Li,a, 

where pk,a'- L'^ = SU{p,l) — )• Li^^ = SU{p',q') is equivalent to the 
representation on the A;-th exterior power. 

(6) We can write V^^m. = ®a£S^k,a, such that /3fc is nondegenerate on 
each Vk^a, ^i.a acts trivially on Vky unless a = a' , and, the action 
of Li^a(C) on V/c,o,c is equivalent to the direct sum of the standard 
representation and its contragredient. 

Theorem 11. Let A be an abelian variety of PEL-type such that each simple 
factor of A is of type IV, and, each simple factor of G' {A){M.) is isomorphic 
to SU{p, 1) for some p. Then A is dominated by abelian varieties. 

Proof. Thanks to Theorem [HI it suffices to show that A is stably semidom- 
inated by some set of abelian varieties. Since A is of PEL-type, it follows 
from Lemma [2] that 



G'{A) = G'{Bi) X ••• xG'(B, 



t), 



where Bi, . . . , Bt are the distinct simple factors of A, up to isogeny. So, by 
Lemma [71 we may assume that ^ is a simple abelian variety. 

Let yi — )• V be the Hodge family of A, and let P € V be such that A = Ap. 
For each k = 1, ■ ■ . , p, there is a Kuga fiber variety A^ -^ V defined by the 
symplectic representation pk (14. 1|) . Let A^ = {Ak)p. We will show that A 
is stably semidominated by the set 

X = {A^^ X • • • X ^p'' I n, > 0} . 

We claim that G'{A x X) = G'{A) for any X e X. More precisely, we 
mean that the projection G{A) x G{X) — )• G{A), restricted to the subgroup 
G'{A X X) of G{A) X G{X) induces an isomorphism of G'{A x X) with 
G'Ia). To see this, let X = A"i x • • • x Apr Then, 

AxX = A'l'+^ xAl^ x•••xAp^ 
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since A = Ai. Thus A x X is the fiber over P of the Kuga fiber variety 
defined by the symplectic representation 

p= {ni + l)pi © 71-2/02 © • • • © UpPp 

of L' . This is a Hodge family (see Remark llOISp . Hence G'(Sq) C L' for ah 
Q G V. But L' = G'{A) is a quotient of G'{A x X) = G'(Sp). Therefore 
G'(A xX) = L' = G'{A). 

We note that if p = 0, then a result of Shimura [21', Proposition 14, 
p. 176] implies that A is of CM-type, so G'{A) is trivial and there is nothing 
to prove. If p = 1, then G{A) is semisimple, and the theorem is a special 
case of [21 Theorem 5.1, p. 348]. We therefore assume p > 1. 

We have La^c = GLm{C), where m = p + 1. As explained in [21 p. 351], 
y^a,c = Ya® Ya, where Ya and its complex conjugate Ya are Lc^c-modules 
(and therefore G(A)c-modules); GLm{C) acts on Y^ as the standard rep- 
resentation, and on Y^ as the contragredient. Y^ is the direct sum of 
a p-dimensional space of (l,0)-forms and a 1-dimensional space of (0,1)- 
forms. Ya is the direct sum of a 1-dimensional space of (l,0)-forms and a 
p-dimensional space of (0, l)-forms. Choose a basis {ui, . . . , Um} of Y^ such 
that ui, . . . , Up are (1, 0)-forms and Up+i is a (0, l)-form. Then {ui, . . . ,Um} 
is a basis of Ya- Observe that the set Uaes {Ya, Ya} is invariant under the 
action of Aut(C), so every Galois conjugate of Ya contains a nonzero (1,0)- 
form. 

Let /ii, . . . , Hm-i be the fundamental weights of SLm{C), i.e., fik is the 
highest weight of the representation /\ (St), where (St) denotes the standard 
representation of 5Lm(C) on C™'. 

For 1 < k < p, let Vk := H'^{Ak,Q). We can write 

(4.2) V^fe,M = 0^M, 

aeS 

where, L^ acts trivially on Vk^ unless a = a' . Then Vk^a,c = Yk^a ® Y^^a, 
where Y^.a = /\ Ya and its complex conjugate l^fc,a = A ^a ^'i'^ -^a,c- 
modules, GLm{C) acts on Y/c^q, as /\ (St), and on y^.o as the contragredient. 
We have G'(Afc) = ^^(^'(^4)), so Yi^a and l"fc,Q. are G'(Afc)c-modules. 

Yfc^Q, is the direct sum of a (?) -dimensional space of (l,0)-forms and a 
(^^^)-dimensional space of (0, l)-forms. In particular, the highest weight 
vector in y^ „ is 

Wk := ui A ■ ■ ■ A Uk 
which is a (l,0)-form, while 

w'k ■■= Um-k+l A--- AUm 

is a (0, l)-form. Y^^a is the direct sum of a (^^^)-dimensional space of (1,0)- 
forms and a (|) -dimensional space of (0, l)-forms. Observe that the set 
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UogS {^fc,ai^fc,a} i^ invariant under the action of Aut(C), so every Galois 
conjugate of Yk^a contains a nonzero (l,0)-form. 

Let j be a positive integer. Then S^Yk^a, the symmetric tensors on Y^^a-, 
is a representation of SLm{C) with highest weight jfi^, and highest weight 
vector {wky ■ Let V^ ^ C H^{A-'^,C) be the /S'Lm(C)-module generated by 
{wky . The highest weight vector in V^^ is (wky which is a (j, 0)-form. 
Thus V^ ^ is an irreducible representation of SLm{C) with highest weight 
jfik, which contains both the (j, 0)-form {wky and the (O,j)-form {w'/^y . 
Observe that the set 

[vl^\aeS, l<k<p, j>o}u{vl^\aGS, l<k<p, j>o} 

is invariant under the action of Aut(C), so every Galois conjugate of V^^ 
contains a nonzero {j, 0)-form. 

Any irreducible representation vr of SLmiC) has highest weight 

/i = ai/xi H h apUp 

where the aj are nonnegative integers. Let a = Yl^=i(^k- Then the repre- 
sentation 

p 

k=l 

has highest weight /x. The vector v^ := ^^^i^Wk)"''' generates an irreducible 
submodule V?f which has highest weight /i. Note that V" contains both the 
(a,0)-form f^ and the (0, a)-form v' := (S)fc=i(^fc)°*- Observe that the set 



^ 1=1 -' 



is invariant under the action of Aut(C), so every Galois conjugate of V?f 
contains a nonzero (o, 0)-form. 

Any irreducible representation p of G^ is of the form p = ^^es ^"' '^^^^re 
tTq, is an irreducible representation of G'^ r — SLmijC). Let 



Then Vp is an irreducible G^-submodule of H'^{Ap, C), for some Ap £ X and 
some positive integer c, on which G'^ acts as p, and which contains both 
nonzero (c, 0)-forms and nonzero (0, c)-forms. Since every Galois conjugate 
of each 1/^^ contains a nonzero holomorphic form, it follows that every Galois 
conjugate of Vp contains a nonzero (c, 0)-form. 

To complete the proof that A is stably semidominated by X, we need to 
show that the G'(Ap)c-module Vp is actually a G(Ap)c-module. By Propo- 
sition [3l it is sufficient to show that Vp is a Z(L(Ap))„-module. Write 
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Assume, without loss of generality, that each n^ > 0. Since A^ and A^-k 
are isomorphic (Remark I10l2p . we have 

L{A,) = n HAk). 

2k<m 

If A: = m/2, then, G(^fc) and L{Ak) are semisimple, so 

Z{LiA,))= n Z{L{A,)). 

i<fc<f 

Now, for k 7^ m/2, 

Z{L{Ak))^ = n Zk,a 

aeS 

where each Zk^a — C^, and in the decomposition (14. 2p . Z^^a acts trivially 
on Vk^a' unless a = a' . A scalar Za € Z^.a acts on Yk^a as multiplication 
by Za, and on y^.a as multiplication by Zq,; thus Y^^q, and l^fc^a are both 
Zfc Q,-modules. The scalar Za acts as multiplication by Za on V^^,; so V^^ is 
a Zjt Q,-module. Now let 



izk,a)(^Z{L{A,))^= J] n^fc.«- 



l<fc<Ht aeS 

Then z acts on (S)fc=i ^/T^ as multiplication by n2A;<m ^k'^a "'"^~'' ■ Hence any 
subspace of it (in particular, V") is a Z'(L(^p))„-module. It follows that 
Vp = 'S>a&s ^^c is a Z(L(Ap)) ^-module. D 

Remark 12. The proof of the above theorem actually shows that each mem- 
ber of X is stably semidominated by X. 

References 

[1] Salman Abdulali, Conjugates of strongly equivariant maps, Pacific J. Math. 165 

(1994), 207-216. MR95i:32041 
[2] , Abelian varieties and the general Hodge conjecture, Compositio Math. 109 

(1997), 341-355. MR98m:14008 
[3] , Abelian varieties of type III and the Hodge conjecture, Internal. J. Math. 10 

(1999), 667-675. MR2000g:14013 
[4] , Filtrations on the cohomology of abelian varieties, The Arithmetic and Ge- 
ometry of Algebraic Cycles (Banff, AB, 1998) (B. B. Gordon, J.D. Lewis, S. Miiller- 

Stach, S. Saito, and N. Yui, eds.), CRM Proc. Lecture Notes, vol. 24, Amer. Math. 

Soc, Providence, RI, 2000, pp. 3-12. MR2QQld:14Qll 
[5] , Hodge structures on abelian varieties of type HI, Ann. of Math. (2) 155 

(2002), 915-928. MR2003g:14008 
[6] , Hodge structures on abelian varieties of type IV, Math. Z. 246 (2004), 203- 

212. MR2004k: 14013 
[7] , Hodge structures of CM-type, J. Ramanujan Math. Soc. 20 (2005), 155-162. 

MR2006g: 14016 
[8] , Tate twists of Hodge structures arising from abelian varieties of type IV, J. 

Pure Appl. Algebra 216 (2012), 1164-1170. 



[9; 
[lo; 

[11 
[12: 

[13; 

[14 

[is; 
[16; 

[ir 
[is; 
[19; 
[20; 

[21 
[22; 



HODGE STRUCTURES ASSOCIATED TO SU(p, 1) 11 

Armand Borel, Some metric properties of arithmetic quotients of symmetric spaces 
and an extension theorem, J. Differential Geom. 6 (1972), 543-560. MR49#3220 
Pierre Deligne (notes by J. S. Milne), Hodge cycles on abelian varieties, Hodge Cycles, 
Motives, and Shimura Varieties, Lecture Notes in Math., vol. 900, Springer- Verlag, 
Berlin, 1982, corrected 2nd printing, 1989, pp. 9-100. MR84m: 14046 
Alexander Grothendieck, Hodge 's general conjecture is false for trivial reasons. Topol- 
ogy 8 (1969), 299-303. MR40#5624 

Michio Kuga, Fiber Varieties over a Symmetric Space whose Fibers are Abelian Va- 
rieties I, U, Lecture Notes, Univ. Chicago, Chicago, 1964. 

James S. Milne, Lefschetz classes on abelian varieties, Duke Math. J. 96 (1999), 639- 
675. MR99m: 14017 

David Mumford, Families of abelian varieties. Algebraic Groups and Discontinuous 
Subgroups (Boulder, Colo., 1965) (A. Borel and G. D. Mostow, eds.), Proc. Sym- 
pos. Pure Math., vol. 9, Amer. Math. Soc, Providence, RI, 1966, pp. 347-351. 
MR34#5828 

V. Kumar Murty, Exceptional Hodge classes on certain abelian varieties. Math. Ann. 
268 (1984), 197-206. MR85m:14063 

, Hodge and Weil classes on abelian varieties. The Arithmetic and Geometry 

of Algebraic Cycles (Banff, AB, 1998) (B.B. Gordon, J.D. Lewis, S. Miiller-Stach, S. 

Saito, and N. Yui, eds.), NATO Sci. Ser. C Math. Phys. Sci., vol. 548, Kluwer Acad. 

Publ., Dordrecht, 2000, pp. 83-115. MR2001d:14013 

Maxwell Rosenlicht, Some rationality questions on algebraic groups, Ann. Mat. Pura 

Appl. (4) 43 (1957), 25-50. MR19,767h 

Ichiro Satake, Holomorphic imbeddings of symmetric domains into a Siegel space, 

Amer. J. Math. 87 (1965), 425-461. MR33#4326 

, Symplectic representations of algebraic groups satisfying a certain analyticity 

condition. Acta Math. 117 (1967), 215-279. MR35#6694 

, Algebraic Structures of Symmetric Domains, Publ. Math. Soc. Japan, vol. 14 

(Kano Mem. Lect. 4), Iwanami Shoten, Tokyo, and Princeton Univ. Press, Princeton, 
NJ, 1980. MR82i:32003 

Goro Shimura, On analytic families of polarized abelian varieties and automorphic 
functions, Ann. of Math. (2) 78 (1963), 149-192. MR27#5934 

, On the field of definition for a field of automorphic functions, Ann. of Math. 

(2) 80 (1964), 160-189. MR29#4739 



Department of Mathematics, East Carolina University, Greenville, NC 
27858, USA 

E-mail address: abdulalis@ecu.edu 



